A nonlinear full five-moment two-fluid model is used to study axisymmetric instabilities in a Z pinch. When the electron velocity due to the current J is greater than the ion acoustic speed, high wave-number sausage instabilities develop that initiate shock waves in the ion fluid. This condition corresponds to a pinch radius on the order of a few ion Larmor radii.
I. INTRODUCTION
The analysis of nonmagnetohydrodynamic ͑MHD͒ instabilities in the Z pinch is an area of interest because anomalous resistivity is observed in many Z pinches and cannot be explained without more complete plasma models. In particular, many pinches have pinch radii on the order of a few ion Larmor radii, a regime where high-frequency drift instabilities are quite active 1 and may dominate the dynamics of the pinch. The Hall effect and finite Larmor radius effects have been studied in the framework of Z pinches in Refs. 2 and 3. It has been shown theoretically 4 and experimentally 5 that alternative mechanisms, such as sheared flow, can stabilize a Z pinch to unstable magnetohydrodynamic ͑MHD͒ modes, although this concept has not been validated for other plasma models. It is for these reasons that a better characterization of plasma instabilities in non-MHD regimes is important. In this paper, steps in that direction are made through the nonlinear simulation of a Z pinch using the full five-moment two-fluid plasma model.
The possible role of microinstabilities in Z pinches has been explored by many authors ͑see Ref. 1 for a review of early work͒. The majority of this work relied on simple analytic models and short time scale simulations. An early attempt at a nonlinear solution with the capacity to capture microinstabilities was done in 1979 using a relativistic particle-in-cell code to simulate Z-pinch instabilities. 6 This study was severely limited by the available computational resources of the time and a small artificial mass ratio of 16. The role of microinstabilities in Z pinches has continued to be investigated by others including Robson, 7 who showed that the current needed to achieve radiative collapse depends on both the line density and the column radius when anomalous resistivity is taken into account. Chittenden 8 explored the implications of anomalous resistivity caused by the lower hybrid drift instability in high current fiber Z pinches through the use of an anomalous resistivity in a MHD code. Finally, Arber 2 has explored the effect of large Larmor radius stabilization using a hybrid code and Coppins 9 investigated possible Hall stabilization on a fusion Z pinch using a Hall MHD code.
In this paper, the five-moment full two-fluid equations are used to simulate instabilities in the Z pinch where scalar ͑isotropic͒ pressures for each species are assumed. In order for this assumption to be valid, some isotropizing mechanism, such as collisions, must be present. Furthermore, the use of scalar pressures simplifies the analysis as ١B drifts are not simulated.
II. SYSTEMS OF EQUATIONS
The full two-fluid plasma model consists of a set of fluid equations for the electrons and ions plus the complete set of Maxwell's equations including displacement current. The fluid and electromagnetic systems are coupled by Lorentz forces and current sources. In the following equations, E is the electric field, B is the magnetic field, q s is the species charge ͑subscript s is i for ions and e for electrons͒, s is the species density, m s is the species mass, U s is the species velocity, P s is the species pressure, and e s is the species energy density, with e s = 1 2 s U s 2 + ͓1/͑␥ s −1͔͒P s . The species number density is defined as n s = s / m s , ⑀ 0 is the permittivity, and 0 is the permeability of free space. The complete Ampère's law is used:
and the complete Faraday's law:
The magnetic flux equation,
and Gauss's equation,
are constraint equations. The fluid equations are simply the inviscid Navier-Stokes equations with Lorentz force source terms. Each fluid species has its own equation for energy density,
and continuity,
These equations are solved in axisymmetric geometry using the discontinuous Galerkin method. 10 The Cartesian algorithm is discussed in Ref. 11 , and slight modifications are required to make the algorithm axisymmetric.
The two-fluid plasma system was chosen in this paper to attempt to model nonlinearly two-fluid instabilities in the Z pinch. This model has many limitations, in particular the use of scalar pressures means that there must be enough collisions to thermalize the electron and ion species. This assumptions is frequently invalid, particularly when the plasma of interest is collisionless. In addition, an artificially high ratio of thermal velocities to speed of light has been used, which leads to a compression of time scales, which reduces computational time, but may not always give an accurate representation of the relative importance of instabilities. However, this technique is used widely in the particle code community because it is generally not feasible to simulate realistic a thermal velocity relative to the speed of light. The model does capture the microinstabilities that are expected to be dominant in low collisionality Z pinches; namely, the lower hybrid drift instability and the modified two-stream instability.
1 Furthermore, the model does not require the computational resources of hybrid and kinetic models and provides significantly more physics than the single-fluid MHD model.
In high-temperature plasmas, where collisional effects are negligible, gyroviscous effects should be included; these can easily be incorporated into the model by solution of the ten-or higher-moment fluid equations instead of the fivemoment equations described above. The use of the fivemoment fluid model helped simplify the development and validation of the numerical method since the five-moment equations are the equations of inviscid gas dynamics which have been intensely studied. Very little literature exists on solutions to the ten-moment fluid equations, so that the tenmoment solution is left as a later problem. Noncollisional instabilities such as the lower hybrid drift instability and its long-wavelength cousin, the drift sausage instability, will develop when gyroviscosity is not included.
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III. INITIALIZATION
The axisymmetric two-fluid code is used to solve for sausage instabilities in the Z pinch and to identify new phenomena that arise due to two-fluid effects. The following Z pinches are initialized using an MHD equilibrium. A sinusoidal perturbation in the azimuthal magnetic field is initialized and the solution is allowed to evolve. The perturbation has a magnitude of 1 / 100 the equilibrium magnetic field. The initial conditions including the magnetic field perturbation are
͑10͒
with R p the pinch radius, 
assuming ␣ = 0 and the ion cyclotron frequency using the peak magnetic field ci = qB R p / m i , then the ion gyroradius R gi = v th i / ci . The radius of the pinch is always 0.25; however, the ratio R p / R gi is adjusted for the different problems.
The ion-to-electron mass ratio is 100. The ratio of the speed of light to the Alfvén speed,
is 8. The Alfvén transit time across the pinch radius is denoted A , and is based on the peak magnetic field and the peak ion density.
IV. SIMULATIONS
A. R p = 12.5R gi
The following set of results are from simulations of an axisymmetric Z pinch, where the ion Larmor radius is significantly smaller than the pinch radius. This condition is characteristic of a pinch in the MHD regime. Solutions are calculated using four different perturbation wave lengths and the growth of the instability is plotted in Fig. 1 . The growth rate is measured by integrating the magnitude of the difference between the perturbed and unperturbed magnetic field solutions, i.e., first a simulation is run from start to finish without any perturbation, and these results are compared with the perturbed solution. The unperturbed simulation is necessary since the equilibrium used is not a true two-fluid equilibrium, so that even an unperturbed solution is expected to oscillate slightly. For the simulations of this section, the two-fluid equilibria differ very little from the MHD equilibria, so that the unperturbed solutions change very little with time.
In Table I , the growth rates of Fig. 1 are calculated, they are observed to be higher for higher wave-number perturbations, as expected by MHD. Furthermore, the growth rates are typical of MHD predicted growth rates; i.e., on the time scale of the Alfvén transit time across the pinch.
In Fig. 2 , a snapshot of the solution at t =5 A in the nonlinear regime is shown with a perturbation of one period in the z direction. The solution is very similar to those produced in nonlinear MHD simulations in that it looks like a one-period sausage instability. There are a few small-scale structures on top of the ͑k =1͒-mode structure.
In Fig. 3 , snapshots of the solution with a perturbation of two periods in the z direction are shown at times t =2 A and t =3 A . The t =3 A snapshot looks similar to the t =5 A solution of the one-period perturbation. Figure 4 shows the twoperiod solution at times t =4 A and t =5 A . At these points of the simulation, a significant portion of the pinch mass has been ejected. The solution evolves in a manner similar to the one-period perturbation; however, the two-period solution grows more quickly. The mushroom cloud structure is a characteristic of the sausage instability, and the numerical solution is not surprising.
In Fig. 6 a solution with a four-period perturbation is shown. Once again, the solution looks similar to the twoperiod solution except that it evolves more quickly. All solutions show the sausage type instability. In each case the mode that dominates the structure of the solution is the initialized mode ͑k =1,2,4, ...͒, while some higher modes develop on this basic initialized mode.
Bending of the mushroom cloud stalk is particularly evident in Fig. 6 . Reducing the electron mass decreases the amount of bending. The bending is caused by the momentum imparted to the ejected plasma from the electron current.
Both MHD and Hall MHD systems would not capture this effect since both systems assume massless electrons.
Simulations of a R p = 7.5R gi pinch have also been performed, and the results are extremely similar to the R p = 12.5R gi . Differences exist in that there is a small increase in the growth of the short-wavelength instabilities at the pinch edge and the mushroom stalks bend more because the electrons carry the same current, but more momentum, in the R p = 7.5R gi pinch compared to the R p = 12.5R gi pinch. FIG. 2. Development of a sausage instability with a one-period perturbation in the magnetic field along the z axis at t =5 A . The one-period solution grows, while a higher wave-number mode develops at the edge of the pinch. The high wave-number mode does not dominate the solution and is believed to be due to an instability that arises from the fast electrons at the edge. Spatial scales are in units of ion Larmor radii.
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B. R p = 2.5R gi
A Z pinch in the two-fluid regime has a larger characteristic ion Larmor radius in comparison to the pinch radius than does a Z pinch in the MHD regime. The following simulations have R p = 2.5R gi , and thus two-fluid physics should be important. Growth curves for several wave length perturbations are shown in Fig. 5 and the corresponding growth rates are presented in Table II . In these simulations the instability growth rates are much higher than would be predicted from MHD. This higher mode instability seems to be a current-driven instability, as opposed to the pressuredriven instability of the MHD sausage mode.
In Fig. 7 the two-fluid solution with a one-period perturbation along the z axis is shown. After 2 A , large-scale tenperiod perturbations have developed. The growth of the lower-amplitude one-period perturbation is "superimposed" on top of the dominant mode.
In Fig. 8 a two-period perturbation is initialized along the z axis in the magnetic field. In this case a ten-period mode also develops and dominates the nonlinear solution. The instability is marked by shock waves, which are the sharp discontinuities in ion density. These shock waves exist only on the bottom side of the plasma fingers ͑the plasma being ejected from the pinch radially͒. Velocity profiles of the ion axial velocity show that the ions are moving subsonically everywhere initially and subsonically for all time in the unperturbed case. The electrons, however, are moving supersonically with respect to the ion acoustic speed. In the unperturbed solution the ions acquire a very small +z drift peaking at about Mach 0.04 at the edge of the pinch. In the perturbed case the ions on the inside edge of the pinch acquire a slight drift in the −z direction. In addition, in the perturbed case the ion drift on the outside edge of the plasma increases substantially, possibly compensating for the reduced current inside the pinch do to the acceleration of the ions on the inside edge of the pinch. Late in time, shock waves in the ion fluid are observed, the ions acquire signifi- cant −z drift in the fingers, and they acquire a larger +z drift in the low-density "vacuum" region between fingers. These large ion drifts do not form in the unperturbed case. Initially these opposing drifts move tangent to each other; however, once the fingers form, these drifts collide with each other at the shock interface. The ion fluid is supersonic in a thin region at the very base of the shock. Figure 9 shows a snapshots of a solution given a four-period perturbation at times t = 1.5 A and t =2 A . At t = 1.5 A , the solution looks similar to the one-and twoperiod perturbation solution at t =2 A , but by t =2 A the shock waves have penetrated to the axis in the four-period solution.
These simulations were run with an ion-to-electron mass ratio of 100. When the mass ratio is increased, the number of fingers that develop also increases. Numerical experiments using different mass ratios suggest that the wavelength of the mode that develops depends significantly on the mass ratio. However, we have observed the same instability in current sheet simulations in slab geometries where the mass ratio 1836 was used, indicating that this instability is important for a realistic mass ratio.
V. ANALYSIS
Analytically, a relationship for the electron velocity, due to the electron current, compared to the ion acoustic velocity can be derived for a constant current Z pinch. The resulting number can be thought of as an electron Mach number where the acoustic speed is based on the ion acoustic speed. Start with the pinch condition for a uniform current Z pinch FIG. 7 . Though the perturbation is initialized with a wavelength of one period across the domain, a mode with ten periods across the domain develops and grows more quickly than predicted by MHD. A solution is shown at t =2 A . Spatial scales are in units of ion Larmor radii.
FIG. 5.
͑Color online͒ Growth of the perturbation in the magnetic field measured against an unperturbed solution for several wavelength perturbations. Growth rates calculated by the slope are considerably faster than growth rates predicted by MHD and may be due to the Hall term or other two-fluid effects. The y axis measures the log of the integrated difference ͑between perturbed and unperturbed solutions͒ in the magnetic field over the entire pinch.
FIG. 6. Development of a sausage instability with a four-period perturbation in the magnetic field along the z axis. This solution evolves much like the other two solutions except that it evolves even more quickly at t =5 A . At the same point in time, the mushroom cloud stalk is bending since the electrons carry some momentum ͑versus no momentum in MHD and Hall MHD͒ and impart some of this momentum to ejected plasma. Spatial scales are in units of ion Larmor radii. 
Defining a characteristic ion sound speed as V si = ͑␥P 0 /2͒ 1/2 , the characteristic ion thermal speed as V th i = ͑P 0 / ͒ 1/2 , and the characteristic ion cyclotron frequency as w ci = q i B R p / m i , the relation
can be derived. This relation means that M j ͑the ratio of electron drift velocity to the ion acoustic speed͒ depends only on ␥ and the ratio R gi / R p at the edge of the pinch. A similar relation was cited in Ref. 13 , and the resulting development of instabilities when u e Ͼ V si in a Z pinch mentioned in Ref. 14. It has been known for quite some time that the lower hybrid drift instability is very active in the regime where the drift velocity is greater than the ion thermal velocity. 15 A discussion of instabilities in plasmas and those that might arise in a non-MHD Z pinch can be found in Refs. 16 and 17. The nonlinear development leading to ion shock waves though is unique.
It is believed that an observed electron density perturbation moving somewhat slower than the electron drift velocity, is coupled to the ions ͑possibly through the charge separation electric field͒; a corresponding ion density wave is also observed. The electron wave does not move with the electron drift speed as it is slowed down by the ions which acquire a slight drift in the −z direction. To compensate for the reduced current a larger +z drift in the ions is driven on the outside edge "vacuum" region of the pinch. If the electrons are slowed sufficiently, this ion drift may become supersonic, laying the ground work for the formation of shocks. When the pinch radius is on the order of the ion Larmor radius, the current carrying species moves supersonically with respect to the ion acoustic speed, through the pinch. In general, whenever the pinch radius is of the order of the ion Larmor radius, shock waves may develop in the ion fluid if some mechanism exist ͑such as an instability͒ to reduce the electron current and transfer it to the ions. Clearly, if the ion fluid shocks, a region of low pressure is followed by a region of high pressure behind the shock. Since the pinch is a balance of fluid pressure and magnetic pressure and tension the pinch will tend to shrink in regions of low pressure and bulge in regions of high pressure, leading to a sausage instability.
Discontinuities can only be realized if the ion mean free path is small enough that shocks form and the plasma conditions are such that an electron current driven instability arises. On the other hand, it may be sufficient for the electron instability to drive the formation of unmagnetized collisionless ion shock, in which case a similar phenomena may be simulated with collisionless hybrid and particle codes. of the axisymmetric simulations presented. Notice that the R p = 2.5R gi simulation has M j Ͼ 1 over much of the domain, while for both R p = 7.5R gi and R p = 12.5R gi , M j Ͻ 1, except near the edge. The high M j near the edge might explain why short-wavelength modes develop at the edges of the simulations of the R p = 12.5R gi pinches as in Fig. 2 , but do not propagate deep into the pinch as they do in the R p = 2.5R gi simulations. Table III compares the growth rates for various axial mode perturbation mode numbers. This Table shows that the simulations with R p = 7.5R gi and R p = 12.5R gi have growth rates that are very similar. When R p = 2.5R gi , the growth rates change drastically, corresponding to the condition M j Ͼ 1 over much of the domain. The scale length of the modes that develop is of the order of R gi or smaller, which indicates that the ions are unmagnetized in these sausage instabilities, and the Hall term is important.
A true two-fluid equilibrium with a very smooth velocity profile ͑see Fig. 11͒ is presented to show that the growth of the fast instability is not due to the sharp electron velocity shear. The initial conditions are provided in the Appendix. The result of a nonlinear simulation is presented in Fig. 12 , where R gi = 0.15. The solution shows the formation of discontinuities as M j Ͼ 1 through much of the domain. Figure  13 shows the solution where R gi = 0.05, so that M j Ͻ 1, and it is observed that no fast instability develops.
Other authors have investigated a remarkably similar sort of instability, including Winske 18 and Huba, 19 who investigated the Rayleigh-Taylor instabilities that occur in current layers in space plasmas and in certain laser-plasma interactions. Use of gyroviscosity may modify the growth of the instability, but it is not expected to eliminate it since the relative drift velocity, which appears to be driving the instability, is determined by R p / R gi alone. This conclusion is in agreement with studies that suggest that instabilities develop when current layer thickness approach the ion gyroradius. 
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Nonlinear full two-fluid study of m = 0 sausage¼ Phys. Plasmas 13, 082310 ͑2006͒ to a drift velocity smaller than the ion sound speed, the solution shows gross properties similar to what would be expected from an MHD solution. When the pinch radius approaches the characteristic ion gyroradius, where currentdriven instabilities are highly active, a high wave-number mode develops with a growth rate considerably faster than MHD growth rates. In the framework of the two-fluid plasma model this instability is accompanied by shock waves in the ion fluid.
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APPENDIX: TWO-FLUID EQUILIBRIUM
True two-fluid equilibria are generally quite complex, and when the Debye length is sufficiently small compared to scale of the problem an MHD equilibrium is sufficient. Work on two-fluid equilibria has been performed previously by Steinhauer 20 and Solovev. 21 Below is a two-fluid equilibrium used in the last simulations; it can be quickly derived using a symbolic math program, as follows: The initial conditions of this paper use ⑀ 0 = 0 = c =1, m i =1, m e =1, n 0 = 1.0, P 0 = 1.5625ϫ10 −2 , ␤ =
